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SUMMARY 

A singularperturbation problem involving parabolic boundary layers is investigated. The second approximation 
for the boundary layer is constructed and it is shown that this approximation cannot be obtained by the usual 
perturbation method. 

1. Introduction 

In this report we shall study the problem of approximating the function 
U(x, y; c) satisfying the differential equation: 

eL 2 ay2 ay O, x >_ O, y >__ O, 0 < e << 1. ( 1 . 1 a )  

And the boundary conditions: 

U(x, o) -- o (1.1b) 

U(O, y) = r (~(0) = O. ( i .  Ic) 

This problem belongs to the class of singular perturbation problems. 
In chapter 2 we summarize the results of Eckhaus and De Jager [2], who 
applied the singular perturbation method to the above problem. In chapter 
3 we approach the problem from another point of view, and solve (I. i) by 
means of Green's theorem, which yields the exact solution. In chapter 4 
we construct a uniformly valid expansion of this solution with respect to 
the parameter c. Two reasons justify our way of treating the problem. 
Firstly, the properties of the solution in a neighbourhood of the origin are 
investigated; this is necessary as is shown in 2. i. Secondly, in chaplet 
5 we approximate the solution of the same equation in a bounded region 
by means of the results obtained in the chapters 3 and 4. 

2. Solution by Singular Perturbation Method 

2.1 The Parabolic Boundary-Layer. 

In this chapter we summarize some of the results of [2]. In accordance 
with the singular perturbation theory we introduce a local coordinate 

_ X 

V~. (2. i )  

From (1. I) we obtain as an approximation the parabolic boundary-layer- 
solution: 
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,~2 
Uo(~,  Y) = ~]-~ I t  e-�89 r  ~t21 dr. (2.2) 

Let U(x, y; e) : U0( ~, 5,) + Z(x, y; e), which yields for Z: 

,_$a2 z a2z}, az a2Uo 
L, (z )  : Lax2 + by - e  a y  2 b y  2 

Z(x, 0) : z(o,  y) : o. 

( 2 . 3 a )  

(2. 3be) 

We w i s h  to  a p p l y  a t h e o r e m  ( p r o v e d  in  [ 2 ] ) ,  w h i c h  s t a t e s :  i f  Lr = 0(e  a) 
and  on  the  b o u n d a r y  Z = 0(c " ) ,  t h e n  Z = 0 (cmm(e '  ~)) f o r  x k 0, Y k 0. 

H o w e v e r ,  a p p l i c a t i o n  of  t h i s  t h e o r e m  i s  i m p o s s i b l e ,  b e c a u s e  of  the  u n -  
b o u n d e d n e s s  of  ( 2 . 3 a )  in ~ = y = 0, w h i c h  c a n  be d e m o n s t r a t e d  by  s u b s t i -  
t u t i n g  ( 2 . 2 )  in ( 2 . 3 a ) :  

s: L~(Z) = //2~,,,, r r dt . -c . . - ( 2 . 4 )  
2 ~ 3 / 2  " 1 

V~: 
2.2 The Regularized Parabolic Boundary-Layer. 

In (2.4), only the first term possesses a singular behaviour in the origin; 
a boundary condition ~(y) with $'(0) = 0, would therefore remove the first 
term and, thus, the singularity. We define r = r - %(0, y; e), where 

z(o, y; ~) : yr : o(~), with ~ > o arbitrary, (2.5a) 

Z(x, O; c) = O. (2.5b) 

We then obtain U0(~, y) (the regularized parabolic boundary-layer). Setting 
up the problem for Z, we conclude that it is now possible to apply the 
theorem mentioned in 2.1, because 

Le(Z) = 0(c) + 0(el-a), hence Z(x, y; c)= 0(cI~ tn(1' ~' z-a)). (2.5e) 

Optimal choice of a makes the remainder term 0(~-~). Finally it can be 
proved that U 0 : ~o + O(V-~)- 

In chapter 4 we shall show {hat: 
a. the accuracy 0(V~ ) is not the best estimation of the remainder term. 
b. it is impossible to calculate higher-order approximations by the singular 

perturbation method. 

3. Solution7 by Mea;ls of G,'een's Theorem 

We introduce {he transformation: 
Y 

U(x, y; ~) : u (x ,  y; ~ ) . e  ~ 

and obtain the differential equation of Helmholtz: 

82u 82u u . . . .  
--+ - 0, 7or X > 0, y_> 0, 

8 2 e2 3x 2 y 4 

(3.1) 

(3. 2a) 



On Singular Perturbations and Parabolic Boundary Layers 165 

with boundary conditions: 
. Y . 

u(x, o )  : o ,  u(O, y) : r  ~ ( 3 . 2 b )  

For the problem (3.2) we determine the Green's function v(~, ~; x, y) in 
the [, ~-plane with (x, y) fixed. We Obtain: 

v( r  ~ / ) =  K o K o - K o + K , ( 3 . 3 )  

where rl ~ r2, r 3 an d r 4 are distances between (~, ~]) and (x, y), (-x, y), 
(x, -y) and (-x, -y), respectively. Using transformation (3. I) we get from 
(3.2) and (3.3) with Green's theorem: 

K 0 ~/x2+(tr +y)2 dt.(3.4) U(x,  y; r : -1 ( t ) exp  ~ o . 2 

4. Asymptotic Expansion of the Solution 

4.1 Introductory Remarks 

In this chapter we shall expand (3.4) in r by defining the local coordi- 
nates : 

_ x y 
~, e , ~ e ~ '  a > 0 , _  /3 > 0,_ 

in which we express the solution. W e  define three sets of local coordinates 
in the following domains: 
Domain I : 0 <_ x <_ Me, 0 < y < Me, M is an arbitrary large number 

independent of c, see 4. 2. 
Domain II : 0 <_ x z <_ My% M > y > M~, see 4.3. 
Domain Ill : M > y > 0, x 2 > My% x >eM, see 4.4. 

We remark that the technique of defining a set of local coordinates has 
been used in [3]. 

I 
I 

/ 
/ 

h 
/ I  

DomainI 
/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 

// I 
Me . . . . .  -r D~ 

I Dom. l 
I 

I i 

M~ M~/g 

4. 2. e-Neighbou~hood of the Origin. 

We introduce the local coordinates and the integration variable: 
=x ~ t 

c' ~ = ' P = -~" Substitution in (3.4) gives 
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-1 j : ,  (..~) a {K r(T ) ( ~ _ ) }  U( t ,  rt) = --~ (r exp  ~ "  o - K o dp, 

r = + (p - r/) 2, r 2 = ~2 + (p + r l )2  

{4.1)  

In th is  e x p r e s s i o n  the p a r a m e t e r  r o c c u r s  on ly  in ~(ep),  so  tha t ,  in 
g e n e r a l ,  one n e e d s  to so lve  the c o m p l e t e  d i f f e r e n t i a l  e q u a t i o n  in an ~ 
n e i g h b o u r h o o d  of the o r i g i n .  T h e  o r d e r  of m a g n i t u d e  of (4. 1) d e p e n d s  on 
the b e h a v i o u r  of ~(y). If  we s u p p o s e  ~(y) to be a n a l y t i c  f o r  y _> 0, t hen  
(4 .1 )  y i e l d s  on a s y m p t o t i c  d e v e l o p m e n t :  

3 = =~'1 fill U(~ ri) v , 
11 

vn(~" rl) = '  - ~(n' (0) %1' exp~ ' -~ - )  - ~ r , n ' .  - o ( ~ )  - Ko dp. (4 .2 )  

T h u s ,  in th is  e a s e ,  the e x a c t  s o l u t i o n  is  0(e) in an r  of the 
o r i g in .  

4 . 3  T h e  P a r a b o l i c  B o u n d a r y - L a y e r .  

We introduce in domain II: 

x , g = _Z_ f o r  [__> 0, g_> 6 > 0, 0 < fi < 1, 
c�89 e8 

(4.3) 

with 6 an arbitrary small positive number. K l~/x2+(t-Y)2~ 
iWe separ@te._/~/x2+(t+v) 2~(3"4) into two parts: U a involving 0i 2e ]/ and U b in- 

vo,ving I%k 2~ ~ ]" 

4.3a. From (4.2) we obtain: 

_~(n) (0) 3In 
u~ : ~ v ~ ,  v~ , (~ ,  n) - (4.4) 

�9 n=] ~ n ~  a[,  ' 

In(~,,n) = f~ wn exp(-E~)Ko(-'~)dw. 

Substituting the integral representation: 
rls 

and de f i n ing  new v a r i a b l e s  p = w-rl,  t = r l s  - p, y i e l d s ,  a f t e r  c h a n g i n g  
the o r d e r  of i n t e g r a t i o n :  I = In1 + In2 , 

t 1 _ l  _ L  

fo ( v Inj = IDn I e dt, in2 = IDu 2 e ~ dt, t I = ~7 + ~2 + ~ 2 

- p 2 
= ~ ( e t ~ = �9 ~'p+rl)n dp, Pl : - 2  + "~'-' P2 -r~. (4.5) IDni ~PiV(t+p)2 rl 2 
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t 1 

I I _0tl aI,~ . e 2 . 
a~ - IDn! - IDn2 t--h 

iTe  + T d t .  

Suppose U 
a 

t I t 
+ [ e-~ alDnl 

~ dt+ 

Jo 

(4 .6 )  

= ~ l{Uan l  + Uan2} ' n  such t ha t  Uanl r e p r e s e n t s  the e o n t r i -  

bu t i on  f r o m  the s e c o n d  t e r m  of (4 .6 )  and  Uan 2 f r o m  the  t h i r d  ( the f i r s t  
t e r m  a p p e a r s  to be z e r o ) .  In  a p p e n d i x  1 we p r o v e  tha t  

Uan2(~, ~) = 0((~ n+1-13 ). (4.7) 

~I Dnl 
An expression for ~ can be derived from (4.5) in an elementary way. 

We define a new integration variable s = ~ 2/t and, moreover, we choose 
local coordinates (4.3), this gives 

r I "e~ - ~ + '  
V ~ , ,  s O 

n 

- E 
t33 = 0 

a n 
nm+l (m) 

2 n-m 
~2 s ds, 

= : .{ }. ann 1, anm 1, 3, . 2 ( n - m ) - i  

This expression can be expanded asymptotically with respect to r (see 
appendix 2): 

n~l Uanl = ~ /~  f ~  e-�89 

+ r 

I i  "�89 I e: 1 e (t 2-1).~' ~ - - -  

~)dt 

2t .2 /  dt  + 0(r t o = V ~ .  (4 .8 )  

4. 3b. The contribution from U b is, because Kl(P) = K0(P): 

K ~/x~ +(t+Y)2~ 

U b (x, y) - 2~'c r Vx2+(t+y)~ exp dt .  (4 .9)  

In the c o o r d i n a t e s  (4..3) the f o l l o w i n g  e s t i m a t i o n  fo r  the a r g u m e n t  of K~ 
ho lds  : 



168 I. Grasman 

1 V ~  2E~3+1 

The K l-function can be expanded with respect to its large argument: 

K1(p) =V~ p . e-P. {I + (p-1)}for p >> I. 

Applying this to (4.9), we obtain after repeated partial integration: 

Ub =n~=l Ubn' Ubrl (~ ~)~(n)(O) ~ ~rl+l-gP.n! ~ (- ~'~1 { ) , = 1 + O(c ] -s (4 .  10) V - ~  exp . 

Ubn (~, ~) = 0(c n+*-~) for ~ k 6 > 0. ( 4 . 10a )  

4. 3c. The following expansion for (3.4) in domain II has been constructed: 

U(~, ~ ) = n ~ l {  Uanl + Uan2 - Ubn} (4 .11)  

with Uanl ,  Uan 2 and Ubn as  in (4 .8) ,  (4 .7)  and (4. 10). 

4.4. The Remaining Domain. 

In domain III are defined the local coordinates 

~ = x 
--7, ~ =-Y-- ~ > ~ > 0, 0 < a < �89 < i. 
C 6 

(4.12) 

In this case the arguments of both Bessel functions are large, so that 
we can treat U(~, rj) in the same way as U b in 4.3b. 

The result is: 

(4. 13) U(~, ~) = 0(oN), with N an arbitrary large number. 

4.5. Uniformly Valid Expansion. 

We wish to determine from the three local expansions one expansion, 
which holds in the complete region: x _> 0, y > 0. This expansion has to 
be asymptotieally equivalent to the local solutions in the corresponding 

d o m a i n s .  The  t e r m  U l ( x ,  y; c) = v 1 e x-, .e  r e p r e s e n t s  the s o h t i o n  (3 .4)  

in the c a s e  that  ~(y) = ~ ' (0)y.  App ly ing  the c o m p u t a t i o n s  of s e c t i o n  4. 3 
to this  so lu t ion ,  we obta in  (4. 11) fo r  n = 1, in wh ich  

v~n(~, ~)=ul0 (~, ~) + ~un(~,  ~) + 0(~ 2) 

in accordance with (4.8). Therefore, in 

Ul(x, y; ulOi -, y + r '  

the coefficient of ~ is 0(I) in the domains I and If, in domain Ill (4. 13) is 
satisfied. When we continue for ~(y) = ~(n)(0).yn/nl, n = 2, 3 . . . . . . . . . .  
sum these expansions for Un, we get the uniformly valid expansion for 
(3.4). The first two terms are: 
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x 2 
U0( ~ ,  Y ) =  ~ I~x e'�89 �9 r  - 2-~t2-) dr, 

x - ~ ' ( 0 )  e . - dt Ul(x , y; e ) =  v 1 ~-, c 

+ � 8 9  ~ ; e - } t 2  . ( t 2 -  1). { ~ ' ( y -  2: :2 ) .- r  
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( 4 . 1 4 a )  

+ 

( 4 . 1 4 b )  

5 Application to a Bounded Region. 

The resu l t s  of sec t ion  4 .5  can be used to cons t ruc t  an asympto t ic  ap-  
p rox imat ion  of (1. la)  wiih boundary  condi t ions  in a bounded region.  In this  
ease  we do not need the exact  solut ion of the p rob lem,  which is ,  m o r e o v e r ,  
p r a c t i c a l l y  imposs ib le  to obtain. 

e f  32V~ + a2V- l -  3 V -  O, 0 < x < 1, 0 < y < 1. (5.1) 

L . . . .  

V(x, 0) : fl(x), (5. l a )  

V(x, 1) : f2(x), (5. lb) 

V(0, y) = gl(y) ,  fl(0) : gl(0),  f2(0) = gl(1) (5. lc) 

V(1, y) = g2(y), fl(1) : g2(0), f2(1) = g2(1). (5.1d) 

F o r  the f i r s t  two t e r m s  of the approximat ion  we obtain (as in [2] ): 

v - -  v o + ~v I + 0(~2), (5.2) 

,> 
Vl(x , y; e) = Wz(x, y) + Ual(x,  y; c) + UBI(1-x, y; e). (5.2b) 

W = W 0 + eW 1 e x p r e s s e s  the par t  of the solution,  whieh sa t i s f ies  (5. la) 
by W0(x, y) = fl(x),  Wl( ~, y) = yf'l'(x). 

U A = UA0 + eUA1 + 0(C ) is the pa r t  which sa t i s f ies  UA(0, y) = g l (y  ) - 
W(0, y), it has the fo rm (4. 14). L ikewise  for  Ub(1-x, y) with UB(1, y) 
g2(y ) - W(1, y). 

F ina l l y  for  T(x, y), sa t i s fy ing  the r e m a i n i n g  boundary  T(1, y) = f2(x) 
W(x, 1), we have a s ingu la r  pe r tu rba t ion  p rob lem.  It is solved by in t ro -  
ducing the local  coord ina te  r~ = (1-y) /e .  The solut ion of the r educed  equation 
is T0(x, y; e) = T(1, y) exp( (y-1) /c ) .  

(5.2) is valid in the bounded region,  excepted a r b i t r a r y  smal l  ne igh-  
bourhoods of the points (0. 1) and (1.1).  

6. Conclusions. 

We s u m m a r i z e  the resu l t s  of chap te r  4. and 5. Cons ide r ing  the d i f ferent ia l  
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equat ion:  

elT-~x2 + ~ a y e  - a y  = 0, x > 0, y >  0, 0 < e  << 1 , _  _ 

with b o u n d a r y  cond i t ions  U(x, O) = O, U(O,y) = r r = O, we conclude:  

a. In an c-neighbourhood of the origin the exact solution has to be deter- 
mined. The order of magnitude depends on the behaviour of r 

b. When ~(y) is analytic for y > 0, then in an c-neighbourhood of the origin 
the exact solution is 0(~) and can be expanded as (4.2). 

c. The parabolie boundary-layer (4.14a) turns out to be a uniformly valid 
approximation of U(x, y; c) with a remainder term 0(c) 

d. A uniformly valid approximation of U(x, y; ~) has been obtained with 
an accuracy 0(c2). This approximation cannot be construeted by the 
usual (iterative)method, as it contains the exact solution of the differ- 
ential equation with the reduced boundary condition r = r 

Finallywe have established a method for finding higher-order approximations 
for the problem in a bounded region. 

APPENDIX i. 

The contribution of Aan 2 to the solution is estimated as follows: 

t 

a[j = ~ (P+~l) ne'P'�89 - - -  
(2tp+t 2-1~2)3/2 dp dt - IDn . e  2 8~ 

t=t I 

The second term vanishes in (4.6). Introducing new integration variables 
r = p+r/, s = t-2r/, y i e l d s  in the. c o o r d i n a t e s  of (4.3):  

3 
1 .  

Uano ( t  ~) = _r ~ cn+l-B ~ I ~  r 2 e-r 'z~drds 

4~+2se 1-~ 4 s2el-~ +2sg-~2 3/2 
r 

We b r o u g h t  Uan 2 in a f o r m ,  such  tha t  e s t i m a t i o n  is ea sy :  

Uan 2(~,  ~) = 0(e n+l-~) fo r  ~ k 5 > 0. 

APPENDIX 2. 

Determining the first two terms of the expansion ofnE I Uan I , we define 

.3 - = = r , ,  

I1=1 ql]l]) e nq+(n -IT])~ �9 S i l l ,  
1 2 = I 3 - -  - . 

m=l 2 m 
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n=l-an,m+l(mn) m(l_~)( ~2 ~21-)m 
13 = E < ~ - ~  + .s. 

m=o 2 n-m 2 s 
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T h e  t e r m  UAI :  

D e f i n e  t =fi-~+ T12+~2e1"8 
2~ s 

~ " . .  

UA1 = ~ C n• E 
a=l  n ~ \ 2 ~  ~ 2t  2 t  " ' "  

2~ 

+ t~2 e1-~.. .  - ~  e 1-~ - ~  c 1-b dr. 
' 8 f12 8 ~  2 " �9 �9 4 ~ 2  �9 " 

T h e  e x p r e s s i o n  c o n s i s t z  of  t e r m s  o(<a+k(1-~) ) w i t h  n = 1, 2, 3 . . . .  
k = l ,  2, 3 . . . . .  

F o r  k = t3, n = l ,  2 ,  3, . . .  t h e y  f ~ r m  the  f i r s t  t e r m  of  the  a s y m p t o t i c  
e x p a n s i o n ,  w b i e h  is  0(1) .  

F a r  k = 1, n = 2, 3, 4, . . .  the  t e r m s  a r e  0(e) .  
F o r  n = 1, k = 1, 2, 3, . . .  t h e y  a r e  a l s o  0 ( ( ) ,  h o w e v e r ,  t h i s  s e t  i s  

no t  s u m m e d .  We  add  th i s  c o n t r i b u t i o n  to  the  s o l u t i o n  b y  i n t e g r a t i n g  o v e r  
the original integration variable so < ~ < ~ 2/2~ with n = i. 

Far k = 2, 3, 4 . . . .  n = 2, 3, 4 . . . .  t~e terms are 0~2),  so t~.t. 

= ~ (n'(I)) enS.~'; e - ' t (~  -_~1 n 
" , ,  n--, n : W -  __ W -  - dt + 

2~ 
s 

LV2~ r Is0 ez~  - 

' (n)(0'  e(a'l)~ e-�89 ~/~- -2\n ~ -~1 
a=2 ~ 8rl 2 

2~ 

n1 4}I 
8t~. dt ~- 0(c2). 

Taking the Taylor-series together, we obtain, after a simplification by 
partial integration, and after a same computation for UAi , i = 2, 3: 

2~ 
~2 

! (, + 2v~l i s~e-%_~)~, 

This result has been used in section 4.3 with t : V~. 
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